This work introduces a numerical scheme for free vibration analysis of elastically supported piezoelectric nanobeam. Based on Hamilton principle, governing equations of the problem are derived. The problem is formulated for linear and nonlinear Winkler-Pasternak foundation type. Three differential quadrature techniques are employed to reduce the problem to an Eigen-value problem. The reduced system is solved iteratively. The natural frequencies of the beam are obtained. Numerical analysis is implemented to investigate computational characteristics affecting convergence, accuracy and efficiency of the proposed scheme. The obtained results agreed with the previous analytical and numerical ones. Furthermore, a parametric study is introduced to show influence of supporting conditions, two different electrical boundary conditions, material characteristics, foundation parameters, temperature change, external electric voltage, nonlocal parameter and beam length-tothickness ratio on the values of natural frequencies and mode shapes of the problem.
Introduction
A wide range of applications are found concerning elasticity supported piezoelectric nanobeams especially for automobile, aircrafts, electronic, biomedical sectors and several engineering structures [1, 2, 3, 4, 5] . Bending, vibration, and buckling analysis of nanostructures (nanowires, nanoplates, nanorings, nanobeams) play vital role in various engineering applications [6] . Piezoelectric nanostructures found a great attention from research communities [7, 8] . Ke et al. [9] investigated linear and nonlinear vibration of piezoelectric nanobeams based on Timoshenko beam theory by using the differential quadrature method. Ebrahimi et al. [10] introduced electromechanical buckling behavior of size-dependent flexoelectric and piezoelectric nanobeams based on nonlocal and surface elasticity theories. Chen et al. [11] developed a micro-scale free vibration analysis of composite laminated Timoshenko beam (CLTB) model based on the new modfied couple stress theory. Shen et al. [12] studied vibration of carbon nanotube (CNT) based on biosensor. A carbon nanotube-based biosensor is modeled as a nonlocal Timoshenko beam. Moreover, Shen et al. [13] explored the potential of single -walled carbon nanotube (SWCNT) as a micro-mass sensor by using transfer function method. Li et al. [14] presented a theoretical treatment of Timoshenko beams, in which the influences of shear deformation, rotary inertia, and scale coefficient are taken into account. Huang et al. [15] analyzed the behavior of flexural waves traveling in carbon nanotubes in free space which are embedded in an elastic matrix. Akg€ oz et al. [16] proposed higher-order continuum theories for the buckling analysis of single walled carbon nanotubes (SWCNT) by using modified strain gradient elasticity and couple stress theories.
Recently, there are an increasing number of studies on nonlocal theoretical models, which include different kinds of nonlocal elasticity approaches consisting softening and hardening models that are investigated extensively. There are different types of size dependent continuum theory such as micropolar elasticity, couple stress theory, strain gradient elasticity, stress gradient elasticity and surface energy theory. Nonlocal elasticity theory is applied for modeling of nano/micro sized mechanical systems due to its generality and simplicity. Li et al. [17] examined the longitudinal dynamic behaviors of some common one-dimensional nanostructures using the hardening nonlocal approach. Shen et al. [18] developed a modified semi-continuum Euler beam model with relaxation phenomenon and the bending deformation of extreme-thin beam with micro/nano-scale thickness. Mercan et al. [19] applied a discrete singular convolution for buckling behavior of boron nitride nanotube (BNNT), surrounded by an elastic matrix. Due to excellent mechanical, electrical and thermal operations of the nanostructures-with respect to the conventional structural materials-they have obtained great interest in the modern science and technology in recent years; such as, micro/nano electromechanical systems [20] , nanoresonators [21] , chemical sensors [22] and biosensors [12] .
Because of the complexity of such problems, only limited cases can be solved analytically [23, 24, 25] . Numerical techniques such as Finite elements [26, 27] , meshless [28] , Galerkin [29] , spline finite strip [30] , least squares [31] and Rayleigh-Ritz [32] techniques were used to solve such Nano problems. The main drawbacks of such methods are the need for large number of grid points, in addition to a large computational time needed to reach the required accuracy. Lately, a differential quadrature method (DQM) becomes the most popular method in the numerical solutions of boundary value problems [33, 34, 35, 36, 37, 38] . This method leads to accurate solutions with fewer grid points. The convergence and stability of this method depend on choice of shape function. Lagrange interpolation polynomials, Cardinal sine function, Delta Lagrange Kernel (DLK) and Regularized Shannon kernel (RSK) are some of such functions which lead to polynomial based differential quadrature method (PDQM), Sinc differential quadrature method (SDQM) [39] , and Discrete singular convolution differential quadrature method (DSCDQM), respectively [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51] .
According to the knowledge of the authors, SDQM and DSCDQM are not examined for vibration analysis of elastically supported piezoelectric nanobeams resting on linear or nonlinear Winkler-Pasternak foundation type. A numerical scheme based on SDQM and DSCDQM is introduced to reduce the problem to reach an Eigen value problem. MATLAB program is designed to solve this problem. The natural frequencies are obtained and compared with previous analytical and numerical ones. For each scheme, the convergence and efficiency are verified. Also, a parametric study is introduced to investigate the influence of supporting conditions, two different electrical boundary conditions, material characteristics, foundation parameters, temperature change, external electric voltage, nonlocal parameter and beam length-to-thickness on the values of natural frequencies and mode shapes of the problem.
Theory/Calculation
Consider a piezoelectric nanobeam with ð0 x L; 0 z hÞ where L and h are length and thickness of the beam. This beam is polarized in z direction and subjected to an applied voltageϕðx;z; tÞ, a uniform temperature change ΔT and resting on a nonlinear WinklerPasternak foundation K 1 ; K 2 and K 3 as shown in Fig. (1) .
Based on Eringen's nonlocal elasticity theory, the basic equations without body force for a homogeneous nonlocal piezoelectric solid can be written as [9] :
Also, the integral constitutive relations represent in differential form as [9, 52] :
Where D; E; C; e; ρ; ε; σ; p and 2 are electric displacement, electric field, elastic constant, piezoelectric constant, mass density, strain, stress electric, pyroelectric constants and dielectric constants. Also, the values of these constants are depending on the type of the material. αðjx 0 À xj; τÞ is the function of nonlocal attenuation. It incorporates into the constitutive equations at the reference point x. jx 0 À xjis the Euclidean distance. r 2 is Laplace operator. ðτ¼ e 0 a=LÞis the scale coefficient revealing the size effect on the response of structures in Nano size ( e 0 is a nondimensional material constant, and a is an internal characteristic length. e 0 can be estimated by experiments or numerical simulations from lattice dynamics [6, 19] ).
From Fig. (1) , the nonlocal constitutive relations (5-6) can be approximated as:
Where
Furthermore, based on Hamilton principle, equations of motion of the problem can be written as [9] :
Where Uðx; tÞ; Wðx; tÞ and Ψ ðx; tÞare longitudinal, lateral displacements and cross section rotation, respectively. t is time. k s is the shear correction factor which is taken as 5/6 for the macro scale beams [19] . N T is normal force induced by the temperature change ΔT. N E is normal force induced by the external electric voltage V 0 . λ 1 ; e 31 are thermal module and piezoelectric constant. K 1 ; K 2 are shear and spring coefficients of linear elastic foundation and K 3 is a nonlinear elastic foundation [52, 53, 54, 55] .
The relation between the constants D; E; C; e; ρ and 2 and the values of A 11 ; A 44 ; E 15 ; F 31 ; X 11 ; X 33 are
The boundary conditions can be described as [9, 24, 25, 60, 61] :
(1) For Clamped -Clamped Beam (C-C) The electrical potential is different at types of electrical boundary conditions. Therefore, electrical potential can be expressed as:
(1) Closed circuit boundary condition:
It is assumed that the electric potential is zero [9, 24, 25, 60] . ϕð0; tÞ ¼ 0; ϕðL; tÞ ¼ 0;
(2) Open circuit boundary condition [61] : 
For closed circuit:
For open circuit
Methodology
Three differential quadrature techniques are employed to reduce the problem to an eigen value one as follows [33, 34, 35, 36, 37, 38] .
Polynomial based differential quadrature method (PDQM) In this technique, Lagrange interpolation polynomial is employed as a shape function such that the unknown v and its n th derivatives can be approximated as a weighted linear sum of nodal values, v i (i¼1:N), as follows [56] :
Where v terms to the field quantities u; w; ψ and φ. N is the number of grid points. The weighting coefficients of the first order derivativeC ð1Þ ij can be determined as [56] :
By using matrix multiplication, the weighting coefficients of higher order derivatives, can be calculated as:
Sinc Differential Quadrature Method (SDQM)
In this method, cardinal sine function is used as a shape function such that the unknown v and its derivatives can be approximated as a weighted linear sum of nodal values, vi (i ¼ -N: N), as follows [39] :
Where ðhx > 0Þ is the step size: (36)
where v terms to the field quantities. N is the number of grid points. h x is grid size. The weighting coefficientsC Based on singular convolution defined as [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51] .
Where Tðt À xÞis a singular kernel. The DSC algorithm can be applied using many types of kernels. These kernels are applied as shape functions such that the unknown v and its derivatives are approximated as a weighted linear sum of v i (i¼ -N: N), over a narrow bandwidth ( x À x M ;x þ x M ) [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51] .
Two kernels of DSC will be employed as follows:
(a) Delta Lagrange Kernel (DLK) can be used as a shape function such that the unknown v and its derivatives can be approximated as follows:
where 2M þ 1 is the effective computational band width. 
(b) Regularized Shannon kernel (RSK) can also be used as a shape function such that the unknown v and its derivatives can be approximated as follows: Table 2 Comparison between the obtained normalized frequencies, due to PDQM, grid sizes and the previous exact and numerical ones, for clamped hinged nanobeam. ðV 0 ¼ 0; [60] 0.6323
0.158375-over 7 non-uniform grid Table 3 Comparison between the obtained normalized frequencies, due to SINC DQM, grid sizes and the previous exact and numerical ones for clamped hinged nano beam. [60] 0.6323
0.142314-over 9 uniform grid Table 4 Comparison between the normalized fundamental frequency by using DSCDQM-DLK, band width (2M þ 1) and grid size N for clamped hinged nanobeam. Table 5 Comparison between the obtained normalized frequencies, due to DSCDQM-DLK, grid sizes and the previous exact and numerical ones, for clamped hinged nanobeam. [60] 0.6323 Table 7 Comparison between the obtained normalized frequencies, due to DSCDQM-RSK, grid sizes and the previous exact and numerical ones for clamped hinged nanobeam. [60] 0.6323
0.139032-over 3 uniform grid Table 8 Comparison between the normalized frequencies, linear elastic foundation parameters and the previous numerical ones for clamped piezoelectric nanobeam. Comparison between the normalized fundamental frequency by using DSCDQM-RSK, band width (2M þ 1) regularization parameter σ and grid size N for clamped hinged nano elastic beam. 
Where σ is regularization parameter and r is a computational parameter.
The weighting coefficientsC On suitable substitution from (32, 33, 34, 35, 36, 37, 38, 38, 40, 41, 42, 43, 44, 45, 46, 47) into (23, 24, 25, 26) , the problem can be reduced to the following Eigen-value problem:
The boundary conditions (27) (28) (29) (30) (31) can also be approximated using three DQMs as:
(1) For Clamped -Clamped Beam (C-C) 
Results & discussion
The present numerical results demonstrate the convergence and efficiency of each one of the proposed schemes for vibration analysis of piezoelectric nanobeam resting on nonlinear elastic foundation. This beam is made of PZT-4 and BiTiO3-COFe2O4. For all results, the boundary conditions (52) (53) (54) (55) (56) (57) (58) (59) are augmented in the governing Eqs. (48), (49) , (50) , and (51). After that using iterative quadrature technique to solve this problem. The computational characteristics of each scheme are adapted to reach accurate results with error of order 10 À10 . The obtained frequencies ω can be evaluated such as:
where Ω is the natural frequency of piezoelectric nanobeam
For the present results, material parameters are taken from the macroscopic piezoelectric material. These materials are listed in Table 1 .
For PDQM the problem is solved over a non-uniform grids, with Gauss -Chebyshev -Lobatto discretizations, such as [56] :
Where the dimensions of the grid (N) ranges from 3 to 15.
The obtained results agreed with previous analytical ones [59] over 7 grid sizes, shown in Table 2 .
For SincDQ scheme, the problem is solved over regular grids ranging from 3 to 15. Table 3 shows the convergence of the obtained results. They agreed with exact ones [59] over grid size ! 9. Also, this table shows that the execution time of SincDQ scheme is less than that of PDQM. Therefor, it is more efficient than PDQM for vibration analysis of nanobeam.
For DSCDQ scheme based on delta Lagrange kernel, the problem is also solved over a uniform grid ranging from 3 to 11. The bandwidth 2M þ 1 ranges from 3 to 11. Table 4 shows the convergence of the obtained fundamental frequency which agreed with exact ones [60] over grid size ! 3 and bandwidth ! 3. Tables 4,5 show that the execution time of DSCDQM-DLK is less than that of PDQM and SincDQM.
For DSCDQ scheme based on regularized Shannon kernel (RSK), the problem is also solved over a uniform grid ranging from 3 to 15. The bandwidth 2M þ 1 ranges from 3 to 9 and the regularization parameter σ ¼ r h x ranges from 1h x to 2 h x , where h x ¼ 1/N-1. Table 6 shows the convergence of the obtained fundamental frequency to the exact and numerical ones [19, 60] over grid size ! 3, bandwidth ! 3 and regulization parameter σ ¼ 2 h x . Table 7 also ensures that the execution time of this scheme is the least. Therefore, the DSCDQM-RSK scheme is the best choice among the examined quadrature schemes for vibration analysis of piezoelectric nanobeam resting on the nonlinear elastic foundation.
Furthermore, a parametric study is introduced to investigate the influence of linear and nonlinear elastic foundations parameters, temperature changeðΔT CÞ, external electric voltage ðV 0 Þ, nonlocal parameter (μ), length-to-thickness ratio (L/h), different boundary conditions and different materials on the values of natural frequencies and mode shapes. But, the parametric study is introduced over grid 3 nodes, bandwidth ! 3 and regulization parameter σ ¼ 2 h x by DSCDQM-RSK scheme. Tables 8,9 ,10,11 show that the natural frequency increases with increasing linear elastic foundation parameters. Also, the computations declare that the natural frequencies do not affect significantly by nonlinear elastic foundation parameter k 3 . Tables 10 and 11 show that the natural frequencies decrease with increasing nonlocal parameter (μ) and length-to-thickness ratio (L/h) at different conditions of linear and nonlinear parameters of elastic foundation. But, an exact value is not known for the nonlocal parameter (μ) on the vibration behaviour of elasticity supported piezoelectric nanobeam, we assumed a range of
1j w j ¼ 0;
Nj w j ¼ 0;
values 0 μ 1. Table ( 10) shows that the value of nonlocal parameter 0 μ 0:2 agrees with the experimental findings of a smaller is stiffer, size effect [16, 17, 18, 19] (μ ¼ 0 mean that the nanobeam is the classical without the nonlocal effect). Also, the values of natural frequencies depending on the boundary conditions. Furthermore, the change of the value of natural frequencies not significant when L/h !16. As well, it can be seen that for all boundary conditions the nonlocal parameter has a more effect for higher frequency than lower one. Furthermore, for all boundary conditions the length-to-thickness ratio decreasing the all-natural frequencies are the same. Tables 12,13,14 show that the natural frequencies for an open circuit are higher than short circuit boundary conditions. For all tables the nanobeam made of PZT-4. Figs. 2, 3, 4 , 5, and 6 show that the fundamental frequency decrease with increasing temperature changeðΔT CÞ, external electric voltage V 0 , nonlocal parameter (μ) and length-to-thickness ratio (L/h). From Fig. (4) , the change of the value of natural frequencies not significant when L/h !16. It is mean that the increase in length-to-thickness ratio of the piezoelectric nanobeam decreases the nonlocal effects and the nonlocal curve converges with local theory results (μ ¼ 0). Furthermore, the type of the materials made of nanobeam is influenced by temperature change, external electric voltage, nonlocal parameter and length-to-thickness ratio (L/h). So, the fundamental frequency W for PZT-4 material is higher than BiTiO3-COFe2O4 material.
As well as, Figs. 7, 8, 9, 10, 11, 12, 13 , and 14 show the first three normalized mode shapes W and electrical potential ϕ with length of nanobeam ζ ¼ x L at different materials, linear and nonlinear parameters of elastic foundation and boundary conditions. Figs. 7, 8, 9, 10, 11, 12, 13, and 14 were normalized by the corresponding maximum value in magnitude for W (0.5) and ϕ(0.5) at ðk 1 ¼ 25; k 2 ¼ 0:15; k 3 ¼ 0:5Þ. These figures show that the amplitudes of displacement W and electrical potential ϕincrease with increasing linear and nonlinear elastic foundation parameters. Furthermore, these figures show that the normalized amplitude W and electrical potential ϕ for PZT-4 material is higher than BiTiO3-COFe2O4 material. Also, Figs.13 and 14 show that the nonlocal parameter (μ) not effect on the normalized amplitude W but has an effect on the normalized electrical potential ϕ. Figs. 15 and 16 explain that open circuit boundary conditions change strongly the modal shapes. By comparing the natural frequencies and modal shapes for each case, it is also found that the boundary conditions play a critical role in determining the natural frequencies and modal shapes. Also, it is found that the nanobeam is insensitive to the temperature change while the external electric potential has the greatest effect on the natural frequencies. Fundamental frequencies depend on the sign and magnitude of the external electric potential. Furthermore, the best value of nonlocal parameter (μ) on the vibration behaviour of elasticity supported piezoelectric nanobeam is 0 μ 0:2.
Conclusion
Three Different Quadrature schemes (PDQM, SDQM,DSCDQM-DLK, DSCDQM-RSK), have been successfully applied for free vibration analysis of piezoelectric nanobeam resting on linear and nonlinear elastic foundation. Also, we are using an iterative quadrature technique to solve the reduced system. MATLAB program is designed for each scheme such that the maximum error (comparing with the previous exact results) is 10 À10 . Also, Execution time for each scheme, is determined. It is concluded that discrete singular convolution differential quadrature method based on regularized Shannon kernel (DSCDQM-RSK) with grid size ! 3, bandwidth 2M þ 1 ! 3 and regulization parameter σ ¼ 2*h x leads to best accurate efficient results for the concerned problem. Based on this scheme, a parametric study is introduced to investigate the influence of linear and nonlinear elastic foundation, geometric characteristics and type of material of the vibrated beam, on results. For all results, it is found that:
Natural frequencies increase with increasing linear elastic foundation parameters. Fundamental frequency decrease with increasing temperature change ðΔT cÞ, external electric voltage V 0 , nonlocal parameter (μ) and length-to-thickness ratio (L/h). Amplitudes of displacement W and electrical potential ϕ increase with increasing linear and nonlinear elastic foundation parameters. Fundamental frequency, normalized amplitude W and electrical potential ϕ for PTZ-4 material are higher than BiTiO3-COFe2O4 material. Natural frequencies of C-C is heigher than the other boundary conditions. The change of the value of natural frequencies not significant when L/ h !16.
Increase in length-to-thickness ratio of the piezoelectric nanobeam decreases the nonlocal effects and the nonlocal curve converges with local theory results (μ ¼ 0). The best value of nonlocal parameter (μ) on the vibration behavior of elasticity supported piezoelectric nanobeam is 0 μ 0:2.
The natural frequencies, normalized amplitude W and electrical potential (∅) for open circuit is higher than short circuit.
It is aimed that these results may be useful for design purpose, electromechanical applications and many fields of the industrial revolution. The most important applications of nanobeam are likely to take advantage of their exceptional mechanical, chemical and electrical properties to be used as sensors, resonators and transducers for nanoelectronic and biotechnology applications.
